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Electron-phonon coupling governs many phenomena

Phonon-limited mobility at high T

[Yu & Cardona, Fundamentals of Semiconductors]

Indirect light absorption

Conventional superconductivity

[Margine, EPW school 2018]
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Electron-phonon coupling governs many phenomena

Phonon-limited mobility at high T

[Yu & Cardona, Fundamentals of Semiconductors]

In semiconductors, at high T or when the
impurity concentration is very low, the mobility is

governed by electron-phonon interactions.
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Electronic lifetimes and phonon-limited mobility in the SERTA

Electron mobility in the self-energy relaxation-time approximation to the Boltzmann transport equation :

µe,αβ = −1
Ωne

∑
n∈CB

∫
dk

ΩBZ
vnk,αvnk,βτnk

∂f 0

∂ε

∣∣∣∣
εnk

Electronic lifetimes due to the scattering by phonons :

1
τnk

= 2π
~

∑
m,ν

∫
BZ

dq
ΩBZ
|gmnν(k, q)|2 × [(nνq + fmk+q)δ(εnk − εmk+q + ωqν)

+(nνq + 1− fmk+q)δ(εnk − εmk+q − ωqν)]
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In practice, we cannot compute the mobility with full DFPT computations

1
τnk

= 2π
∑
m,ν

∫
BZ

dq
ΩBZ
|gmnν(k, q)|2 ×

[
(n0

qν + f 0
mk+q)δ(εnk − εmk+q + ωqν)

+(n0
qν + 1− f 0

mk+q)δ(εnk − εmk+q − ωqν)
]

gmnν(k, q) = electron-phonon coupling matrix elements = 〈ψKS
mk+q|∆qνV KS|ψKS

nk 〉.

Problem : this integral converges very slowly (∼ 100× 100× 100 q mesh required).
Solution : Wannier interpolation of the gmnν(k, q) obtained from DFPT ⇒ EPW approach.

DFPT Wannier

interpolation
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In practice, we cannot compute the mobility with full DFPT computations

1
τnk

= 2π
∑
m,ν

∫
BZ

dq
ΩBZ
|gmnν(k, q)|2 ×

[
(n0

qν + f 0
mk+q)δ(εnk − εmk+q + ωqν)

+(n0
qν + 1− f 0

mk+q)δ(εnk − εmk+q − ωqν)
]

gmnν(k, q) = electron-phonon coupling matrix elements = 〈ψKS
mk+q|∆qνV KS|ψKS

nk 〉.

Problem : this integral converges very slowly (∼ 100× 100× 100 q mesh required).
Our solution : Fourier interpolation of the ∆qνV KS obtained from DFPT, and computation of ψKS

mk+q.

DFPT Fourier

interpolation
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Important physical interactions : dipoles (Fröhlich) and dynamical quadrupoles

The scattering potentials ∆qνV KS describe how the phonons change the electronic properties.

We need to consider different important interactions for a correct physical interpretation :

Fröhlich interaction : in polar semiconductors, longitudinal optical phonons create dipoles and a
long-range potential that interacts strongly with electrons.

[PRL 115, 176401 (2015), PRB 92, 054307 (2015)]
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Important physical interactions : dipoles (Fröhlich) and dynamical quadrupoles

The scattering potentials ∆qνV KS describe how the phonons change the electronic properties.

We need to consider different important interactions for a correct physical interpretation :
Fröhlich interaction : in polar semiconductors, longitudinal optical phonons create dipoles and a
long-range potential that interacts strongly with electrons.

Z *

Dipole = Z *  electrostatic potential
[PRL 115, 176401 (2015), PRB 92, 054307 (2015)]
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Important physical interactions : dipoles (Fröhlich) and dynamical quadrupoles

The scattering potentials ∆qνV KS describe how the phonons change the electronic properties.

We need to consider different important interactions for a correct physical interpretation :
Dipoles are not the only electrostatic effect appearing when atoms are displaced.

Dynamical quadrupoles are also created, even in nonpolar semiconductors.
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If these interactions are automatically included in DFPT, why do we care ?

For an actual computation of the phonon-limited mobility, one has to interpolate the scattering
potentials.

To do so, it is crucial to correctly treat the long-range dipolar and quadrupolar interactions.
Otherwise, the interpolation fails in the region q→ 0.

Fröhlich

L X W K W

Im
 V

Ga
x,

q

DFPT

Interpolated 
 with dip.

Interpolated 
 w/o dip.

Dynamical quadrupoles

L X W K W

Re
 V

Si
1
x,

q

DFPT Interpolated 
 with quad.

Interpolated 
 w/o quad.
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How do we actually take the dynamical quadrupoles into account ?

The scattering potentials can be written in the phonon mode (qν) or atomic representation (qκα) :

∆qνV KS = 1√
2ωqν

∑
κα

eκα,ν(q)√
Mκ

Vκα,q(r).

The interpolation procedure is similar to what is
done for the dynamical matrix to obtain phonon
spectra :

1 Split the DFPT scattering potentials into
long-range (VL) and short-range (V S) parts.

2 Interpolate V S only.
3 Add VL to the interpolated V S .

The long-range part is expressed as :

VLκα,q(r) = V D
κα,q(r) + V Q

κα,q(r) + V Eκα,q(r)

V D
κα,q(r) ∝ q · Z∗

q · ε∞ · q

V Q
κα,q(r) ∝ q ·Q∗ · q

q · ε∞ · q
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Interpolating the scattering potentials without the dynamical quadrupoles interactions is bad

1450
1500
1550
1600
1650

e (
cm

2 /(
V

s)
)

(a)    Si Nqx, y, z = 2Nkx, y, z = 144

FI
FI+Q

5000

6000

7000

e (
cm

2 /(
V

s)
)

(b)    GaAs Nqx, y, z = 2Nkx, y, z = 288
FI+F
FI+Q

6 9 12 15 18 21
Initial Nq × Nq × Nq DFPT q-point grid

200
225
250
275

e (
cm

2 /(
V

s)
)

(c)    GaP Nqx, y, z = 2Nkx, y, z = 156
FI+F
FI+Q

We start from a given Nq × Nq × Nq DFPT
q-point grid and interpolate the scattering
potentials on the fine meshes required to
converge the mobility.
Without including the dynamical
quadrupoles, the interpolation converges
slowly.
Including them fixes the interpolation and
the correct mobility can be obtained.
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In-depth analysis : which modes are the most impacted by quadrupoles ?

1
τnk

= 2π
∑
m,ν

∫
BZ

dq
ΩBZ
|gmnν(k, q)|2 ×

[
(n0

qν + f 0
mk+q)δ(εnk − εmk+q + ωqν)

+(n0
qν + 1− f 0

mk+q)δ(εnk − εmk+q − ωqν)
]
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Total Quadrupole acoustic sum rule for nonpolar
semiconductors ⇒ larger impact on optical
modes.
Piezoelectric coupling in polar materials ⇒
larger impact on acoustic modes.
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Dynamical quadrupoles seem particularly important for strongly piezoelectric systems

Example : ZnO
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Where is ABINIT in all this ?

With ABINIT, you can :
compute the dynamical quadrupole tensor (see topics/longwave and
tutorespfn/Input/tlw_4.abi),

compute the electron and/or hole phonon-limited mobility starting from a DFPT job (DDB,
DVDB files) and a NSCF run

possibility to greatly reduce the NSCF part by computing only the k points close to the CBM/VBM
using the "kerange" trick
k and q meshes up to 400×400×400 can be reached !

see the new EPH tutorials : tutorial/eph_intro and tutorial/eph4mob

With AbiPy, you can :
plot most results efficiently with abiopen.py FILE --expose,
use robots to compare the results obtained by different runs (convergence of the mobility,
comparison of linewidths,...),
use a workflow to compute the mobility directly : all that is needed is the structure,
pseudopotentials, and the size of the meshes, see abipy/examples/flows/run_eph_mob.py
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Keep-home message

The implementation in ABINIT to compute the phonon-limited lifetimes (eph_task -4) and
transport tensors (eph_task -4 or 7) is ready and documented with a tutorial.
Computations are rather optimized (many parallelization levels) and can be run through an AbiPy
workflow.
Dynamical quadrupoles are required for a correct interpolation of the e-ph scattering potentials.
They can be computed with ABINIT as well ! Unphysical results can be obtained otherwise.
Check our papers : Phys. Rev. Lett. 125, 136601 (2020) and Phys. Rev. B 102, 094308 (2020).

Thank you !
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