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Overview
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Spin model

Energy

E = −
∑

ij

(J iso
ij
~Si · ~Sj +

∑
uv

Su
i Jani,uv

ij Sv
j + ~Dij

~Si × ~Sj )

Effective magnetic field

The effective magnetic field (the spin torque) of ~Si :

~Hi = − 1
mi

∂E

∂ ~Si
.

Stochastic Landau-Lifshitz-Gilbert Equation:

d ~Si

dt
= −γL

{
~Si × ( ~Hi + ~H th

i ) + λ~Si ×
[
~Si × ( ~Hi + ~H th

i )
]}

,
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TB2J: a python package for computing magnetic
interaction parameters

DFT→ TB→ Green’s function + perturbation→ J

Wannier90:

Sisl:

DFT

Abint
Quantum Espresso

VASP
Wien2K

Fleur
...

TB2J

TBGreen

H(k)

H(R)

Eigen(k)

G(k)

G(R)

TB Exchange

Magnon
Band

txt
netcdf

xml
User's format

LCAO

Siesta
OpenMX

Effective TB Hamiltonian

Spin Dynamics

-Multibinit
-Tom's GPU ASD

-Vampire

Collinear
Isotropic J

Bi-quadratic

Non-collinear
Isotropic J

Bi-quadratic

DMI

Anisotropic J

IO
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Use localized basis set for spin rotation perturbation.

Himjm′σσ′(~R) = 〈ψimσ(~r)|H |ψjm′σ′(~r + ~R)〉
Simjm′σσ′(~R) = 〈ψimσ(~r)|ψjm′σ′(~r + ~R)〉

Decompose Hi into scalar (charge) part and vector (spin) part.

Himm′ = p0
imm′ I + ~pimm′ · ~σ

= p0
imm′ I + pimm′~eimm′ · ~σ

i , j : site indices. m: orbital index, σ: spin index.

Rigid rotation of exchange field:

δHimm′ = pimm′δ~eimm′
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Green’s function in k-space:

G(~k , ε) =
(
εS(~k)− H(~k)

)−1

In real space:

G(~R, ε) =

∫
BZ

G(~k , ε)e−i~k·~R d~k

Decompose Gij into scalar and vector parts:

Gim,jm′ = G0
im,jm′I + ~Gim,jm′ · ~σ

Perturbing two spin rotations, the energy difference due to the interaction
between i and j :

δEij = −2
π

∫ EF

−∞
Im Tr(δHiGijδHjGji ) dε
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Plug in the spin rotation perturbation is δHi = piδ~ei , we get:

δEij = −2 Im[A00
ij −

∑
u=x,y,z

Auu
ij ]δ~ei · δ~ej

− 2
∑

u,v∈x,y,z

δeu
i Im(Auv

ij + Avu
ij )δev

j

− 2 Re(A0u
ij − Au0

ij ) · (δ~ei × δ~ej )

where

Auv
ij = −1

π

∫ EF

−∞
Tr
{

piGu
ij pjGv

ji
}

dε

and u, v ∈ (0, x , y , z)
Comparing with the Heisenberg model, we get:

J iso
ij = Im(A00

ij − Axx
ij − Ayy

ij − Azz
ij )

Jani,uv
ij = Im(Auv

ij + Avu
ij )

Du
ij = Re(A0u

ij − Au0
ij ),
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TB2J: usage and outputs
Prepare Wannier Hamiltonian files and run:

wann2J . py −−sp inor −− p r e f i x _ s p i n o r a b i n i t o −−elements
Fe

−− p o s f i l e a b i n i t . i n −−efermi 6.15 −−kmesh 5 5 5
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Coupled spin-lattice dynamics

Spin-lattice coupling
Hamiltonian:

Hslc = −
∑
i,u

Liu
~Siτu

− 1
2

∑
i,u,v

Niuv
~Siτuτv

−
∑
i 6=j,u

Oiju
~Si
~Sjτu

− 1
2

∑
i 6=j,u,v

Tijuv
~Si
~Sjτuτv .

More complicated
coupled-spin-lattice mover might be
needed.
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Spin-lattice coupling parameters downfolded from
electron-phonon coupling parameters

δAuv
ij = −1

π

∫ EF

−∞
Tr [ δpiG

u
ij pjGv

ji + piδGu
ij pjGv

ji

+piGu
ij δpjG

v
ji + piGu

ij pjδGv
ji ]

Electron-phonon coupling parameters as perturbation.

δH =
dH
dτ

δτ +
1
2

d2H
dτ2 δτ

2 + · · ·

δp is from the onsite part of δH.

δG = GδHG + GδHGδHG + · · ·

The variation to the exchange parameters can thus be written as:

δJ iso
ij = Im(δA00

ij −
∑

u=x,y,z

δAuu
ij ),

δJani,uv
ij = Im(δAuv

ij + δAvu
ij ),

δDu
ij = Re(δA0u

ij − δAu0
ij ),
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TB2J Links

TB2J Documentation:
https://tb2j.readthedocs.io/

TB2J GIT repo:
https://github.com/mailhexu/TB2J

TB2J Forum:
https://groups.google.com/g/tb2j

TB2J Examples:
https://github.com/mailhexu/TB2J_examples

TB2J Paper:
Computer Physics Communications, 107938 (2021).
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Lattice Wannier functions

Lattice distortion representation:
phonon modes
atomic displacements
Lattice Wannier function

E =
∑
αβ

Aαβξαξβ +
∑
αβ,mn

Bαβ,mnξ
m
α ξ

n
β

Phys Rev B, 52(18), 13236, 1995

Why LWF
Allows for disorder (compared with single phonon modes).
Fewer degrees of freedom than full lattice model
Easier to fit higher order terms.
Clear physical meaning.
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SCDM-k method for building LWF

Select column density matrix
Columns of density matrix are localized in local basis set.
The rank of the density matrix is small.
Rank revealing QR decomposition

Disentanglement

ρ = Ψf(E)Ψ∗

f: Fermi function / Gaussian / etc
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Into k-space
Select one k point as anchor point, and choose the same columns for all
k-points.

Advantages

No gauge problem
Easy to use
Parallel over k

Easy to implement
Can be used as initial guess for
MLWF

Refs: Damle and Lin, et al . Chem. Theory Comp. 2015, 11, 4, 1463–1469 ;
Multiscale Modeling and Simulation, 2018; J.Comp. Phys. 2016.12.053;
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Banddownfolder: a python package for building
lattice/electron Wannier functions models.
Demo

(a)

(b) X M R
200

0

200

400

600

Fr
eq

ue
nc

y 
(c

m
1)

(c) X M R
200

0

200

400

600

Fr
eq

ue
nc

y 
(c

m
1)

Figure: (a) Electron Wannier function for SrTiO3.
(b,c) Lattice Wannier for BaTiO3 using (b)
SCDM-k method and (c) projected Wannier
function.

Status
SCDM-k/projected
wannier function +
disentanglement.
Python and Fortran
version algorithm
implemented.
LO-TO splitting not yet
implemented but should
be easy.
Integration in ABINIT on
the way.
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Electron-lattice coupled models

Two types of electron-lattice models
Active electron part
Passive electron part

Electrons as active part

E(τ, ρ) = E ref
latt (τ)− E ref

elec(τ, ρref ) + Eelec(τ, ρ)

Helec(τ) = H ref
elec(τ) + Hee

E ref
latt and H ref

elec are fit to the DFT data with a reference electronic structure,
e.g. weakly correlated, non-magnetic DFT.
Helec : H ref

elec + correction (e.g. Hubbard U) .
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Electrons as passive part

E = Elatt

Elatt are fit to DFT calculation with target states.
Electron hamiltonian takes τ from lattice dynamics and does not feed back
force.

Electron models: tight binding + electron-lattice-coupling + U

H ref
elec(τ) =

∑
ij

(t ref
ij (τ = 0) +

∑
u

gij,uτu)c†i cj

Helec(τ) = H ref (τ) +
∑

i

Un↑i n↓i
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Electron-lattice coupled models: Examples of VO2
VO2 : metal-insulator transition accompanied by R-M1 phase transition at
340K.

(a) (b)

(c) (d)

Figure: (a) The R phase. (b) and (c) two
degenerate phonon mode distortions at q = R.
(d) M1 phase.
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Figure: Phonon band structure of
R phase VO2.
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Modelling MIT in VO2

Fitting of LWF

Figure: Eigenvalue of IFC, and the LWF
Hamiltonian

Figure: Supercell with one LWF
populated.
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Structural and electronic phase transitions in a global view:
The growth of the R/M and metal/insulator domains.

Figure: Top panel: The amplitudes of the LWF in each cell. Middle panel: local
density of states at Fermi energy in each cell. Bottom panel: the histograms of the
(ξ1, ξ2).
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Structural and electronic phase transitions in a global view:
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Figure: Fourier component of the LWF
amplitudes at q = R.

Figure: Total DOS as function of
temperature.
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Summary

Spin
New features in TB2J: DMI, Anisotropic exchange.
Method of getting spin-lattice coupling parameters by downfolding
electron-phonon coupling.
Spin-lattice coupled dynamics implemented in MULTIBINIT.

LWF
Banddownfolder: package for easy building WF models.
LWF dynamics implemented in MULTIBINIT.

Electron-lattice
Tools for building electron-lattice coupled models.
Electron band structure in thermalized lattice.
Methods implemented in a python package.
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