
Miquel Royo, Matteo Springolo and Massimiliano Stengel
Institut de Ciència de Materials de Barcelona (ICMAB-CSIC)

Calculating the flexoelectric tensor with ABINIT



mroyo@icmab.es 10th ABINIT Developers Workshop,  June 2021 

Outline

I     INTRODUCTION

• First-principles theory of flexoelectricity

II    BULK FLEXOELECTRICITY

• Usage of the ABINIT implementation

• Numerical example: bulk flexoelectric tensor of SrTiO3

• Surface piezoelectricity

III   FINITE SIZE SAMPLES

• Flexural deformation in practice 

• Numerical example: total flexovoltage response of 2D materials

V    SUMMARY AND CONCLUSIONS



mroyo@icmab.es 10th ABINIT Developers Workshop,  June 2021 

INTRODUCTION

Electromechanical Response 
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polarization,  P , induced by the two effects can most simply be 

described as:

 
Pi = di j kσj k + µ i j kl

∂ε j k

∂xl   
(1)

   

where  d ijk  ,   s  jk  ,   m  ijkl  ,   e  jk  , and  x l   are the piezoelectric constant, 

applied stress, fl exoelectric constant, strain, and position 

coordinate, respectively. [  27  ,  31  ]  As indicated in  Equation 1 , the 

piezoelectric effect associates the mechanical stress with the 

polarization, while the fl exoelectric effect relates the strain gra-

dient to the polarization. The piezoelectric effect can only be 

observed in the 20 non-centrosymmetric crystal point groups, [  32  ]  

while the fl exoelectric effect can exist in all 32 point groups. 

That is,  d  is zero for all groups containing inversion symmetry. 

The universality of the fl exoelectric effect comes from the fact 

that inversion symmetry is disrupted by a strain gradient. [  33  ]  

Clever materials engineering can also lead to rational symmetry 

breakage, for example, in designing piezoelectric graphene. [  34  ]  

In centrosymmetric materials for which piezoelectric effects are 

absent,  Equation 1  simplifi es to:

 
Pi = µ i j kl

∂ε j k

∂xl  
 (2)

    

 The fl exoelectric effect in crystalline materials was further 

studied in the 1980s by Tagantsev. [  35  ,  36  ]  In Tagantsev’s phe-

nomenological studies, it was found that the fl exoelectric coef-

fi cient scales with the dielectric susceptibility of the material, 

according to

 
µ χ̃

e

a   
(3)

   

where  e  is the electron charge and  a  is the lattice constant. 

According to a rigid ion model used in Tagantsev’s studies, 

several factors contributed to the induced response, including: 

(1) static bulk fl exoelectricity, (2) dynamic bulk fl exoelectricity, 

and (3) surface fl exoelectricity. However, Resta found that the 

dynamic contribution due to the long-wavelength phonons was 

found to be the same as the bulk contribution. [  29  ]  In addition, 

in Resta’s simple elemental cubic model, for centrosymmetric 

materials there is no surface contribution from the non-zero 

quadrupole moment associated with ions that reside in the thin 

surface layer, as suggested by Tagantsev. Yet, the existence of 

surface contributions in more complex crystals remains unclear. 

Nevertheless, it has been experimentally confi rmed that the 

fl exoelectric effect scales with dielectric susceptibility. [  33  ,  37  ,  38  ]  

 Despite being a more general phenomenon than piezoelec-

tricity, fl exoelectricity was not observed in crystalline materials 

until decades after its introduction in the 1960s. The reason 

can be understood by considering the following argument. 

For ordinary dielectric materials, the electromechanical cou-

pling of the fl exoelectric effect is   m   »  e/a   »  10 2  pC/m, while 

high-performance piezoelectric crystals such as lead zirconate 

titanate (PZT) and barium titanate (BT) possess piezoelectric 

coeffi cients on the order of 10 2  pC/N. [  39  ]  Qualitatively speaking, 

these coupling coeffi cients are of the same magnitude, but 

notice the difference in units. Without introducing permanent 

plastic deformation to a material—which are typically brittle 

crystals anyway—large strain gradients cannot be imparted in 

the macroscopic materials. By contrast, it is comparatively less 

 2.1. Mechanism of Flexoelectricity 

 Inspired by work carried out by Tolpygo and Mashkevich, [  25  ,  26  ]  

who found that electrostatic potential can arise from inhomo-

geneous deformations of the lattice (i.e., acoustic and optical 

phonons) in homopolar crystals such as silicon, the concept of 

fl exoelectricity was fi rst introduced in the 1960s by Kogan. [  27  ]  

Originally, fl exoelectricity was thought to be a type of piezoelec-

tric effect, but the effect is different in the way that it is caused 

by the spatial derivative of strain, that is, by a strain gradient. 

Consequently, fl exoelectricity can be found in any crystalline 

material regardless of the atomic bonding confi guration. [  28  ,  29  ]  

The effect is schematically illustrated in  Figure    1  . As shown in 

Figure  1 a, when a free-standing slab of material is bent such 

that the upper part of the slab experiences tensile strain and 

the lower part undergoes compressive strain, a strain gradient 

is formed in the material which induces an electric polarization 

 P  parallel to the gradient direction. For an intuitive explana-

tion, the physics of the effect in hard materials can be visual-

ized by considering the case of an ionic crystal. [  30  ]  Consider the 

salt model illustrated in Figure  1 b. Due to the non-zero strain 

gradient in the bent crystal, the centers of gravity of the nega-

tive ions (large circles) and the positive ions (small circles) no 

longer coincide, which results in a non-zero net dipole moment 

in the directions indicated by the arrows.  

 In the most general case, a polarization can result from 

both fl exoelectric and piezoelectric effects. The total electric 

     Figure  1 .     The fl exoelectric effect: an electric polarization is induced by a 

non-zero strain gradient. a) When a slab of material with thickness  t  is bent, 

a non-zero strain gradient results due to compressive (red arrows) and ten-

sile (blue) strains, leading to a fl exoelectric-induced polarization  P . b) For 

an ionic crystal, a non-zero dipole moment results from a misalignment 

of the centers of gravities of the positive and negative ions. The arrows 

indicate the direction of the gradient-induced polarization. Panel b is repro-

duced with permission. [  30  ]  Copyright 2006, American Physical Society.  

Adv. Mater. 2013, 25, 946–974

• P response to strain gradient

• Universal property of all materials

• Scales as the inverse of the sample size

• Surface-dependent property

• P response to uniform strain

• Few materials display this effect

• Size-independent property

• Bulk property

𝑃𝛼 = 𝑒𝛼𝛽𝛾 𝜀𝛽𝛾 𝑃𝛼 = 𝜇𝛼𝜆,𝛽𝛾
𝜕𝜀𝛽𝛾

𝜕𝑟𝜆
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INTRODUCTION

Why Does Flexoelectricity Matter?

Lu et al., Science (2012)

Park et al., Nat. Nano (2018)

Yang et al., Science (2018)Zhang et al., PRL (2019)

MECHANICAL MANIPULATION 
OF POLARIZATION

FLEXOELECTRONICS FLEXOFOTOVOLTAICS

Fundamental Interest: study of curvature effects on material properties
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INTRODUCTION

Necessity of a First-Principles Theory  

EXPERIMENT
Bend the sample & measure the 

transient current

OUTCOME
Lots of different contributions…

Density Functional Theory (DFT) is a powerful 
“theoretical microscope” that can isolate the 

individual effects

SURFACES

BULK

DEFECTS

DOMAIN
WALLS …only their overall sum is accessible!

First-principles (“ab initio”): using fundamental quantum mechanics to 
calculate the properties of real materials 

PROBLEM: Translational symmetry is broken!

Cannot use Bloch theorem, plane waves, etc.?
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Solution Via Acoustic Phonons
LONGITUDINAL SHEAR

Resta PRL 105, 127601 (2010)
Stengel PRB 88, 174106 (2013)

Hong & Vanderbilt PRB 88, 174107 (2013) 
FLEXOELECTRICITY

Martin PRB 5, 1607 (1972) PIEZOELECTRICITY
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Solution Via Acoustic Phonons

Modulated displacement field u
(deformation wave)

• Can recast gradient effects as a long-wave expansion in the wave vector q

PIEZO FLEXO

• Allows to perform calculations on a primitive cell by using DFPT

u

O(q0): rigid translation, P
vanishes due to ASR 

O(q1): uniform strain

O(q2): strain gradient
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Towards a Practical Scheme

• Intermediate “low-level” quantities

PIEZO FLEXO

electronic polarization

atomic forces

atomic displacements

TRANSLATION

Born effective charges (3N-dimensional vector)

force-constants matrix (3N x 3N operator)

• Notation convention: bra/ket (N = number of basis atoms) 

𝜅, 𝜅′ sublattice indices

𝛼, 𝛽, … Cartesian directions
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Piezo vs. Flexo Tensors: similar...

Atomic Displacements

Atomic Forces

... but different:

CLAMPED-ION NEW TERMS (??)
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Interpretation of new terms

UNIFORM STRAIN

= Raman-active “gerade” mode (even under space inversion)

A strain gradient induces a 
gradient of the optical mode “ ”

electronic P

atomic forces

STRAIN GRADIENT
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Basic Ingredients: Classification
Uniform Response

= dielectric tensor

= elastic tensor

Second derivatives of the energy w.r.t. 
electric field (𝐄), phonon (𝝉) or strain (𝜺)

Spatial Dispersion (1st order)

= natural optical activity

= acoustical activity

Third derivatives of the energy w.r.t. two 
perturbations and the momentum wave-vector (𝐪)

Theory and ABINIT implementation: 
M. Royo and M. Stengel, Phys. Rev. X 9, 021050 (2019)

M. Royo and M. Stengel, in preparation.
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DETAILS OF THE IMPLEMENTATION

Example of long-wave DFPT ABINIT run

# Cubic STO: computation of the FxE Tensor

ndtset 5

#Set 1: Ground state self-consistency

getwfk1   0            
kptopt1    1                                      
nqpt1   0                
tolvrs1   1.0d-18    

#Set 2: Response function calculation of d/dk

iscf2    -3          
kptopt2   2          
rfelfd2   2          
tolwfr2   1.0d-22    
rfdir2   1 1 1       

#Set 3: Response function calculation of d2/dkdk

getddk3   2          
iscf3    -3          
kptopt3   2          
rf2_dkdk3 1          
tolwfr3   1.0d-22    

#Set 4 : Response function calculation of q=0 phonons, 
# electric field and strain perturbations

getddk4   2          
kptopt4   2          
rfelfd4   3          
rfphon4   1          
rfatpol4  1 5        
rfdir4   1 1 1       
tolvrs4   1.0d-10    
prepalw4 1       # Deactivates symmetries for the lw routines

#Set 5: Long-wave magnitudes calculation

optdriver5 10     # Activates long-wave driver
kptopt5   2          
get1wf5   4          
get1den5  4          
getddk5   2          
getdkdk5  3          
lw_flexo5 1      # Calculates flexoelectric tensor ingredients

#Common input variables
getwfk 1            
useylm 1
nqpt 1
qpt 0.0d+00  0.0d+00 0.0d+00
…
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DETAILS OF THE IMPLEMENTATION

Postprocessing with MRGDDB and ANADDB 

STO.ddb.out

#Total DDB for complete STO FxE tensor 

3

STO_o_DS1_DDB

STO_o_DS4_DDB

STO_o_DS5_DDB

MRGDDB input 

FORCES AND STRESS

UNIFORM RESPONSE FUNCTIONS

GRADIENT RESPONSE FUNCTIONS

ANADDB input 

flexoflag 1 # flexoelectric tensor

dieflag 3 # ion-relaxed dielectric tensor
nph2l 1

piezoflag 3 # piezoelectric tensor
instrflag 1    # internal strain tensor

elaflag 3 # elastic tensor
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NUMERICAL RESULTS

Bulk Flexoelectric Coefficients of SrTiO3

CUBIC

TETRAGONAL

ill defined

ill defined

ill defined
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REFERENCE POTENTIAL ISSUE

Arbitrariness in the Longitudinal and Transverse Coefficients 

Bulk flexoelectric coefficients are 
only defined modulo a constant

Dielectric susceptibility

Potential

x

SLAB

CBM

VBM

−𝑒𝑉(𝑥)

𝜙

Δ𝑚𝑎𝑐

Δ𝑣

Δ𝑐

Δ𝑡𝑜𝑡

• Necessity of removing  the macroscopic electric fields associated to 
long-wavelength phonons

• Dependence on which reference potential is taken to impose short-circuit 
EBCs (the macroscopic electrostatic potential in the implementation)

• Direct link to the theory of absolute deformation potentials

M. Stengel, PRB 92, 205115 (2015)

Band 
structure

Macroscopic 
electrostatics



mroyo@icmab.es 10th ABINIT Developers Workshop,  June 2021 

Outline

I     INTRODUCTION

• First-principles theory of flexoelectricity

II    BULK FLEXOELECTRICITY

• Usage of the ABINIT implementation

• Numerical example: bulk flexoelectric tensor of SrTiO3

• Surface piezoelectricity

III   FINITE SIZE SAMPLES

• Flexural deformation in practice 

• Numerical example: total flexovoltage response of 2D materials

V    SUMMARY AND CONCLUSIONS



mroyo@icmab.es 10th ABINIT Developers Workshop,  June 2021 

FINITE SAMPLES

Surface Piezoelectricity

UNIFORM STRAIN STRAIN GRADIENT

z

Surface contributions are as important as 
bulk ones at any thickness of the sample

SrO terminated slab

TiO2 terminated slab

φ = −2.28 V

φ = +1.37 V

M. Stengel, PRB 90, 220103(R) (2014) 

𝜙 (potential offset) suffers from the 
same reference potential ambiguity 

and cancels de bulk one

≈
𝜕𝜙

𝜕𝜀𝛽𝛾

The surface determines the sign of the total response!
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FINITE SAMPLES

Flexural Deformation in Practice

x

z

slab

vacuum

vacuum

𝐿

• Important considerations:

• Open-circuit EBCs need to be imposed

• Voltage response rather than polarization response

• Additional surface piezoelectricity contributions

𝜑 =
𝜕𝑉

𝜕𝜀𝑥𝑥,𝑧
=

𝐿

𝜖0𝜖𝑧𝑧
𝜇𝑧𝑧,𝑥𝑥 +

𝒬 𝜌𝑥𝑥
U

2 𝜖0
−
𝒬 𝜌0

2 𝜖0

Springolo, Royo & Stengel, arXiv:2010.08470  

Bulk Surface

𝜌𝑥𝑥
U : Density response to a uniform strain 

𝜌0: Ground-state density

𝒬 𝜌 = න𝑑3𝒓 𝑧2𝜌 𝒓

TOTAL FLEXOVOLTAGE
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FINITE SAMPLES

Flexovoltages of several 2D materials

Bulk Surface

BULK vs. SURFACE
(units: nV·m)

Large cancelation between bulk and 
metric contributions

CLAMPED-ION vs. LATTICE-MEDIATED
(units: nV·m)

Rich variety in magnitude and sign

Springolo, Royo & Stengel, arXiv:2010.08470  



mroyo@icmab.es 10th ABINIT Developers Workshop,  June 2021 

Outline

I     INTRODUCTION

• First-principles theory of flexoelectricity

II    BULK FLEXOELECTRICITY

• Usage of the ABINIT implementation

• Numerical example: bulk flexoelectric tensor of SrTiO3

• Surface piezoelectricity

III   FINITE SIZE SAMPLES

• Flexural deformation in practice 

• Numerical example: total flexovoltage response of 2D materials

V    SUMMARY AND CONCLUSIONS



mroyo@icmab.es 10th ABINIT Developers Workshop,  June 2021 

Summary and Conclusions

• Bulk flexoelectric tensor μ in the official ABINIT code (since v.9.0.2)

• μ not a physical observable, we need to add:

o Band term 

o Surface contribution

Absolute deformation potentials

Total voltage response to 
a deformation gradient
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Outlook for the Longwave Driver

• Work in progress 

• Extension to GGA functionals

• Facilitate calculating absolute deformation potentials

• Short term

• Extension to PSPs with XC non-linear core corrections

• Incorporation of surface piezoelectricity terms in ANADDB

• Optimizing performance: use of symmetries and reduction 
in the number of I/O operations

MERGE WITH 
NONLINEAR DRIVER?

• Long term

• New spatial dispersion quantities 
= natural optical activity

= acoustical activity
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FIRST-PRINCIPLES THEORY OF BULK FLEXOELECTRICITY

Long-Wave DFPT First-Order Gradient Formula

Only response functions to uniform
perturbations are necessary

One-shot Γ-point calculation

Minimal computational
resources and time

Theory and ABINIT implementation: 
M. Royo and M. Stengel, Phys. Rev. X 9, 021050 (2019)


