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OUTLINE
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§ MetaGGA

§ MetaGGA + PAW

§ MetaGGA + 1st order DFPT

§ 3rd order DFPT + GGA

§ Unitary tests for exchange-correlation
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I - META-GGA FUNCTIONALS
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§ A bit of non-locality in Exchange-Correlation

§ Intermediate level in the « Jacob’s ladder »

§ Low computational cost (but not negligible)

§ XC energy density ℇ!" 𝑟 depends on  𝑛, ∇𝑛, ∇#𝑛, 𝜏

§ ∫ 𝜏 𝑟 𝑑𝑟 = 𝐸$%& ,   ∫∇#𝑛 𝑟 𝑑𝑟 = 0 (finite or periodic syst.)

§ Kinetic energy density and Laplacian are usually exclusive
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META-GGA FUNCTIONALS
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META-GGA FUNCTIONALS – PLANE WAVES

2 FFTs per direction
(« coarse » grid)

Numerical stability?
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Cost of FFTs?

2 FFTs (« fine » grid)
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META-GGA FUNCTIONALS – TESTING PROCEDURE

§ Take advantage of the integration by parts

:
1
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Plane-wave part is zero
because of periodicity
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On-site PAW parts are zero
at augmentation region boundaries
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META-GGA FUNCTIONALS – TESTING PROCEDURE

Modified value for the electron mass:
𝑚! = 1𝑚! instead of 𝑚! = 1 (a.u.)
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Testing the kinetic energy density functional against LDA or GGA
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META-GGA + PAW
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See: Sun, Mársman et al, Phys. Rev. B. 84, 035117 (2011)
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META-GGA + PAW
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META-GGA IN ABINIT – HOW TO USE IT?
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§ Use a GGA pseudopotential file
No core correction at present
or a PAW dataset including the core kinetic energy density
JTH table - Soon metaGGA PAW datasets – See N. Holzwarth’s talk

§ Put a metaGGA value for ixc input parameter
This value is from libXC and has to be negative
Examples: -202231=TPSS, -263267=SCAN, -497498=R2SCAN

§ No more need of usekden input parameter
Automatically set. Only useful to print out KDEN.

§ R2SCAN only available in libXC v5.1.
Soon available in ABINIT

We definitively 
have to find 
something more 
user-friendly!
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META-GGA IN ABINIT – HOW TO USE IT?
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§ You should increase slightly FFT grid sizes:
- increase ecut, or (better) increase ngfft
- increase pawecutdg or inscrease ngfftdg

§ KED-based XC functionals require more CPU 
time because of the additional FFTs

§ Laplacian-based XC functionals do not need
more resources than GGA

224105-5 Y. Yao and Y. Kanai J. Chem. Phys. 146, 224105 (2017)

TABLE I. Atomic parameters used to generate SCAN pseudopotentials.

Reference configuration rcut (a.u.)

s p d
H 1s2 0.5
O 2s22p4 1.2 1.2
C 2s22p2 1.3 1.3
Si 3s23p23d0 1.8 1.8 1.8
P 3s23p33d0 1.95 1.95 1.95
Ge 4s24p24d0 2.30 2.30 2.30

FFT grid, which is used for evaluating the XC potential in real
space. We also assess the influence of using pseudopotentials
that are generated at a different level of XC potential. Espe-
cially with hybrid functionals like the PBE0, it has become
quite common to use pseudopotentials that are generated at a
different lower level of the XC approximation (e.g., PBE) in
practical calculations. The SCAN functional was implemented
in the Quantum-Espresso code18(c) based on our earlier TPSS
meta-GGA implementation,27(a) and ld1 code by Paolo Gian-
nozzi was modified as described in Sec. II to include the SCAN
meta-GGA XC functional. Details of the TM pseudopotentials
used for this work are summarized in Table I. The ground states
are used as reference states, and the cutoff radii are taken to be
the same as those found for the PBE functional in pslibrary.38

For the Si, P, and Ge pseudopotentials, 3d or 4d projector
channels are included as usually done.29(b)

A. Crystalline silicon and germanium

The periodically repeated unit cell of crystalline silicon
was used to perform the energy convergence test first as an
example here. The Monkhorst-Pack k-point grids of 16 ⇥ 16
⇥ 16 and 12 ⇥ 12 ⇥ 14 were used for sampling the Brillouin
zone using the unit cell for the diamond and beta-tin silicon
phases, respectively. As shown in Fig. 1, the total energy using
the SCAN functional converges similarly to the case of the PBE
GGA functional although the SCAN has an additional depen-
dence on the kinetic energy density. The FFT grid dependence
of the total energy is shown in Fig. 2. The smallest possible

FIG. 1. Convergence of the total energy of the crystalline silicon in the semi-
conducting diamond phase with respect to the planewave cutoff. The upper
line (in black) is for the SCAN functional and the lower line (in red) is for the
PBE functional.

FIG. 2. Convergence of the total energy of the crystalline silicon in the semi-
conducting diamond phase with respect to the FFT grids. The y-axis shows the
relative energy to the converged total energy. The black line is for the SCAN
functional and the red line is for the PBE functional.

FFT mesh is automatically generated by the particular FFT
library (FFTW28 in this work) for a given PW cutoff energy
and a given simulation cell size. The PW cutoff of 100 Ryd (for
wavefunctions) yielded 50 grid points per axis for FFT. As dis-
cussed in Sec. II, the numerical evaluation of the XC potential
is performed in real space, and the total energy can therefore
depend on the FFT grid, especially for meta-GGA functionals
like the SCAN. Figure 2 shows how the total energy changes
with the increasing (denser grids) grids up to 500 points per
axis for both the SCAN and PBE functionals. Note that increas-
ing the FFT grid dramatically increases computational cost in
the PW-PP implementation. Although the total energy conver-
gence with respect to the FFT grid is more problematic with the
SCAN than with the PBE functional, the absolute magnitude
of the observed fluctuations in the energy can be considered
negligible for most applications in this case.

Figure 3 shows the band structure of the crystalline sil-
icon in the diamond lattice structure using the PW cutoff of

FIG. 3. The band structure of the crystalline silicon in the semiconducting
diamond phase, calculated using the SCAN functional (black) and the PBE
functional (red). The SCAN functional result with the PBE functional PP is
shown in blue. The generalized Kohn-Sham (gKS) equation is solved to obtain
the eigenvalues in the case of the SCAN functional (details see text). The band
structures were aligned such that the valence band maximum is set at 0 eV.

From: Yao, Kanai,
J. Chem . Phys. 146,

224105 (2017)
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META-GGA + PAW IN ABINIT - CHECK
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224105-6 Y. Yao and Y. Kanai J. Chem. Phys. 146, 224105 (2017)

TABLE II. Bandgaps (eV) of crystalline silicon and germanium in the
semiconducting diamond phase.

Silicon Germanium

PBE 0.59 0
TPSS 0.79 0.26
SCAN 0.93 0.57
SCAN w/PBEpp 0.83 0.19
PBE0a 1.81 1.39
Experimentb 1.17 0.74

aReference 6.
bReference 3.

100 Ryd and the FFT grid of (50,50,50). The convergence
with respect to the FFT grid was checked with the FFT grid
of (300, 300, 300). The SCAN bandgap was determined to be
0.93 eV, which is significantly improved from the PBE value
of 0.59 eV (see Table II). Our value using the PW-PP formal-
ism is very close to the SCAN energy gap of 0.97 eV using the
PAW34,39 potential (at the PBE level) as reported in Ref. 8. We
note, however, that Zeng-hui Yang et al. have recently reported
that the SCAN bandgap using the OEP scheme9 (0.78 eV) is
noticeably smaller than the SCAN bandgap in the gKS scheme
as employed here. The comparison to the earlier meta-GGA
TPSS27(a),40 is given in Table II, and noticeable improvement
is observed with the SCAN approximation over the TPSS
approximation of the meta-GGA. Also, the SCAN functional
does not suffer from the overestimation of the bandgap by
PBE0 hybrid approximation.31 We tested the pseudopoten-
tial dependence by performing the SCAN calculation with the
PBE GGA pseudopotential. The SCAN bandgap is somewhat
smaller, yielding 0.83 eV when the PBE pseudopotential is
used.

Figure 4 shows the total energy difference between the
diamond and beta-tin phases of the crystalline silicon. The
beta-tin phase is metallic and the diamond phase is insulating,
and LDA and most GGA functionals are known to perform
rather poorly in describing the energy difference between the
two phases.35(b) Recent Diffusion Monte Carlo (DMC) calcu-
lations predict the energy difference between these two phases
to be 475 ± 10 meV/atom41 or 424 ± 20 meV/atom,35(a)

depending on computational details, such as the extrapola-
tion scheme for finite-size errors. Note that these reported
DMC values include a separate core polarization correction
of 30 meV.35(a) LDA and the PBE GGA significantly under-
estimate the energy difference, yielding 200 meV/atom and
290 meV/atom, respectively. The energy difference using the
SCAN functional in this work is 480 meV/atom, which is 65
meV/atom larger than the corresponding value reported by
Sun et al. based on the implementation of the SCAN func-
tional using the PAW potential formalism. Note that the PBE
functional was used for the PAW in their work.8,39 We believe
that this difference derives from the treatment of the core elec-
trons. As shown in Fig. 4, our SCAN implementation indeed
yields 440 meV/atom when the PBE GGA pseudopotential
is used, instead of 480 meV/atom. While the diamond phase
is not very sensitive to the pseudopotential, the beta-tin phase
shows appreciable dependence. We also tested the dependence
on the pseudopotential cutoff radius with rc = 1.5 a.u., 1.8 a.u.,

FIG. 4. Energy difference between the metallic beta-tin (left curves) and the
semiconducting diamond (right curves) phases of the silicon using the SCAN
functional with TM pseudopotentials generated with the SCAN and PBE func-
tionals. SCAN result using the PBE functional in the PAW potential is taken
from Ref. 10 (indicted by a). Two diffusion quantum Monte Carlo (DMC)
results (indicated by b and c) from Refs. 35(a) and 41 are also shown for
comparison. See text for details.

2.0 a.u., and we found negligible dependence as shown in the
Appendix.

The SCAN functional yields the bulk modulus of
99.30 GPa for silicon in the diamond structure (Table III),
which is close to the reported value of 99.44 GPa in Ref. 8.
Experimental value is 99.2 GPa.4 This is notable especially
because the PBE GGA functional performs worse than LDA
functional for calculating the bulk modulus of silicon and
many other semiconducting solids,4 and the SCAN functional
appears to remedy this shortcoming of the PBE GGA func-
tional and earlier meta-GGA functional TPSS.27(a),40 Using
the PBE GGA pseudopotential in the SCAN calculation yields
the bulk modulus of 95.03 GPa. For obtaining the bulk modu-
lus, calculations with different lattice parameters are needed to
numerically take the derivative of the total energy. We found
it particularly important to use the same FFT grid for all
lattice parameters because the FFT grid changes could intro-
duce discontinuities in the total energy (Fig. 2). We checked
the convergence of the bulk modulus by comparing to the
calculation with the larger FFT grid of (300, 300, 300), which
yields the same value of 99.30 GPa.

TABLE III. Bulk modulus (GPa) of silicon and germanium in the diamond
phase.

Silicon Germanium

PBE 87.95 58.73
TPSS 90.71 57.15
SCAN 99.30 73.38
SCAN w/PBE pp 95.03 62.76
LDAa 96.8 72.6
PBEa 89.2 59.7
PBE0b 100 75
Experimenta 99.2 75.8

aReference 4.
bReference 7.

Yao, Kanai, J. Chem . Phys. 146, 224105 (2017)

88.6

ABINIT

99.4

ABINIT

58.9

72.8
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EXAMPLE: MnH7 SUPERHYDRIDE AT 150 GPA
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See J.-B. Charraud’s talk
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META-GGA – FORCES AND STRESS TENSOR
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§ Just need to add a contribution from
the core kinetic energy density

Forces 𝑉"(𝑟) =
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𝜕𝜏

Stress tensor § Apply same procedure as in: dal Corso, Resta, PRB 50, 4327 (1994)
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𝜕𝑟= From XC routine

Using WF plane 
wave coefs

Computed with finite-differences in other codes
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II - THIRD-ORDER DFPT
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§ Why? :  Raman efficiencies computation within DFPT
Raman tensor: Non-linear susceptibility:

§ Need several derivatives of the XC energy:
« Grid » version (plane waves) and « spherical » version

- First order: 

- Second order:

- Third order: 

§ Remember that:  𝑛 𝑟 = 𝑛> 𝐫 + 𝑛" 𝐫

2 First derivative (unpolarized)

From Eq.1.1, one gets:
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2.2.2 Divergence formulation

Using Eq.1.5 in Eq.2.8:
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4 Second derivative (unpolarized)

From Eq.2.1, one gets:
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Vxc(r) is already known from section 2, so we only have to derive:
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4.2 GGA

From Eq.2.11:
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@|rn| (r) (4.7)

Indeed:

E
(1)
xc =

Z
dr(fxc(r))

(1) =

Z
drn

(1)(r)
@fxc

@n
(r) +

Z
dr

rn
(1)(r).rn(r)

|rn(r)|
@fxc

@|rn| (r) (4.8)

The second order is then:

E
(2)
xc =

Z
drn

(2)(r)
@fxc

@n
(r) +

Z
drn

(1)(r)

✓
@fxc

@n
(r)

◆(1)

+

Z
dr

rn
(2)(r).rn(r)

|rn(r)|
@fxc

@|rn| (r)

+

Z
dr

rn
(1)(r).rn(r)

|rn(r)|

✓
@fxc

@|rn| (r)
◆(1)

+

Z
drrn

(1)(r).

✓
rn(r)

|rn(r)|

◆(1)
@fxc

@|rn| (r) (4.9)

8

Non polarized version…

Need order n Need order 2n or 2n+1

2

factor:

nm =
1

e~!m/kBT � 1
(2)

where T is the temperature. As only relative intensi-
ties are relevant in practice, we omitted constant factors
in Eq. (1). The phonon frequency !m and the Raman
tensor ↵m are the only quantities that depend on the
solid properties, the other parameters depending on the
experimental setup.

The phonon frequencies !m are the eigenvalues of the
matrix of zone-center interatomic force constants C̃(q !

0)4:

X

0�

C̃↵,0�(q ! 0)um(0�) = M!
2
m
um(↵) (3)

where M is the mass of the atom  and um is the nor-
malized eigendisplacement:

X

,↵

Mum(↵)un(↵) = �mn (4)

C̃↵,0�(q ! 0) can be computed from second-order
DFPT with respect to two atomic displacements4. For
LO modes in polar crystals, the ionic displacements gen-
erate a long-range macroscopic electric field, modifying
in return the ionic forces. This leads to a non-analytical
term in C̃↵,0�(q ! 0) depending on the direction q of
the phonon propagation. This term is obtained from the
Born e↵ective charges Z⇤ and the dielectric permittivity
"1, computed from the second-order DFPT with respect
to one electric field and one atomic displacement for the
former and two electric fields for the latter4.

The Raman tensor↵m, or Raman susceptibility, is sim-
ply the derivative of the electric susceptibility � with re-
spect to normal coordinates1. Expressed in Cartesian
coordinates, one gets9:

↵m

ij
=

X

,�

d�
ij

d⌧�
um(�) (5)

For TO modes (or non-polar crystals), we have9,26:

d�
ij

d⌧�
=
@�(1)

ij

@⌧�
= �

1

⌦0

@3E

@⌧�@Ei@Ej
(6)

where �(1)
ij

= ("1
ij

� 1)/(4⇡) = �(1/⌦0)@2E/(@Ei@Ej)
and Ei is the ith component of a uniform electric field E .
E is the total energy of the crystal and ⌦0 its volume.

For LO modes, the macroscopic field generated by the
ionic displacements contributes to the change of the elec-
tric susceptibility �, as it depends itself on the electric
field:

�(E) = �(1) + E�(2) + . . . (7)

where �(2) is the nonlinear susceptibility9:

�(2)
ijk

= �
1

2⌦0

@3E

@Ei@Ej@Ek
(8)

At the lowest order in E , one gets9,26:

d�
ij

d⌧�
=
@�(1)

ij

@⌧�
�

8⇡

⌦0

P
l
Z⇤
�,l

qlP
l,l0 ql"

1
ll0q

0
l

X

l

�(2)
ijl

ql (9)

where ql are the components of the direction q, the latter
being a unit vector.
In the end, according to Eqs. (5)-(6) and (8)-(9), third

derivatives of the energy with respect to an atomic dis-
placement and/or electric fields are needed to compute
Raman intensities in the general case. In the following
we present how to compute them in the DFPT formalism
coupled with the PAW method.
Notations related to DFT and PAW quantities are de-

tailed in the appendix A. Only local density approxi-
mation (LDA) is considered in the exchange-correlation
terms and, for the sake of simplicity, spin polarization is
not explicitly addressed.

A. Density-functional perturbation theory coupled
with the projector augmented-wave method

Within the DFPT framework we describe the response
of the system to small perturbations. The amplitudes of
the perturbations applied to the system are controlled by
a set of scalars noted � = [�1,�2, . . . ]. Supposing that
all quantities depend smoothly on � around the point
� = [0, 0, . . . ], one can use the Taylor-series expansion:

X[�] = X(0) +
X

i

�iX
(�i) +

X

i,j

�i�jX
(�i�j) + . . .

where X can be a scalar, a vector, a function or an op-
erator. We use the standard DFPT notations:

X(0)
⌘ X[� = 0] (10)

X(�i) ⌘
@X

@�i

����
�=0

(11)

X(�i�j) ⌘
1

2

@2X

@�i@�j

����
�=0

(12)

X(�i�j�k) ⌘
1

6

@3X

@�i@�j@�k

����
�=0

(13)

...

Using the notations introduced in the appendix A 2,
the DFPT formalism in PAW is obtained from the ex-
pansion of:

E = E0 �

X

nm

⇤nm

⇣
h ̃n|S| ̃mi � �nm

⌘
(14)

H̃| ̃ni =
X

m

⇤mnS| ̃mi (15)

⇤mn = h ̃m|H̃| ̃ni (16)

2

factor:

nm =
1

e~!m/kBT � 1
(2)

where T is the temperature. As only relative intensi-
ties are relevant in practice, we omitted constant factors
in Eq. (1). The phonon frequency !m and the Raman
tensor ↵m are the only quantities that depend on the
solid properties, the other parameters depending on the
experimental setup.

The phonon frequencies !m are the eigenvalues of the
matrix of zone-center interatomic force constants C̃(q !

0)4:

X

0�

C̃↵,0�(q ! 0)um(0�) = M!
2
m
um(↵) (3)

where M is the mass of the atom  and um is the nor-
malized eigendisplacement:

X

,↵

Mum(↵)un(↵) = �mn (4)

C̃↵,0�(q ! 0) can be computed from second-order
DFPT with respect to two atomic displacements4. For
LO modes in polar crystals, the ionic displacements gen-
erate a long-range macroscopic electric field, modifying
in return the ionic forces. This leads to a non-analytical
term in C̃↵,0�(q ! 0) depending on the direction q of
the phonon propagation. This term is obtained from the
Born e↵ective charges Z⇤ and the dielectric permittivity
"1, computed from the second-order DFPT with respect
to one electric field and one atomic displacement for the
former and two electric fields for the latter4.

The Raman tensor↵m, or Raman susceptibility, is sim-
ply the derivative of the electric susceptibility � with re-
spect to normal coordinates1. Expressed in Cartesian
coordinates, one gets9:

↵m

ij
=

X

,�

d�
ij

d⌧�
um(�) (5)

For TO modes (or non-polar crystals), we have9,26:

d�
ij

d⌧�
=
@�(1)

ij

@⌧�
= �

1

⌦0

@3E

@⌧�@Ei@Ej
(6)

where �(1)
ij

= ("1
ij

� 1)/(4⇡) = �(1/⌦0)@2E/(@Ei@Ej)
and Ei is the ith component of a uniform electric field E .
E is the total energy of the crystal and ⌦0 its volume.

For LO modes, the macroscopic field generated by the
ionic displacements contributes to the change of the elec-
tric susceptibility �, as it depends itself on the electric
field:

�(E) = �(1) + E�(2) + . . . (7)

where �(2) is the nonlinear susceptibility9:

�(2)
ijk

= �
1

2⌦0

@3E

@Ei@Ej@Ek
(8)

At the lowest order in E , one gets9,26:

d�
ij

d⌧�
=
@�(1)

ij

@⌧�
�

8⇡

⌦0

P
l
Z⇤
�,l

qlP
l,l0 ql"

1
ll0q

0
l

X

l

�(2)
ijl

ql (9)

where ql are the components of the direction q, the latter
being a unit vector.
In the end, according to Eqs. (5)-(6) and (8)-(9), third

derivatives of the energy with respect to an atomic dis-
placement and/or electric fields are needed to compute
Raman intensities in the general case. In the following
we present how to compute them in the DFPT formalism
coupled with the PAW method.
Notations related to DFT and PAW quantities are de-

tailed in the appendix A. Only local density approxi-
mation (LDA) is considered in the exchange-correlation
terms and, for the sake of simplicity, spin polarization is
not explicitly addressed.

A. Density-functional perturbation theory coupled
with the projector augmented-wave method

Within the DFPT framework we describe the response
of the system to small perturbations. The amplitudes of
the perturbations applied to the system are controlled by
a set of scalars noted � = [�1,�2, . . . ]. Supposing that
all quantities depend smoothly on � around the point
� = [0, 0, . . . ], one can use the Taylor-series expansion:

X[�] = X(0) +
X

i

�iX
(�i) +

X

i,j

�i�jX
(�i�j) + . . .

where X can be a scalar, a vector, a function or an op-
erator. We use the standard DFPT notations:

X(0)
⌘ X[� = 0] (10)

X(�i) ⌘
@X

@�i

����
�=0

(11)

X(�i�j) ⌘
1

2

@2X

@�i@�j

����
�=0

(12)

X(�i�j�k) ⌘
1

6

@3X

@�i@�j@�k

����
�=0

(13)

...

Using the notations introduced in the appendix A 2,
the DFPT formalism in PAW is obtained from the ex-
pansion of:

E = E0 �

X

nm

⇤nm

⇣
h ̃n|S| ̃mi � �nm

⌘
(14)

H̃| ̃ni =
X

m

⇤mnS| ̃mi (15)

⇤mn = h ̃m|H̃| ̃ni (16)
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§ LDA functional

𝑉!"=L< 𝐫 =
𝜕𝑓!"
𝜕𝑛

𝜀!"=L< 𝑛(𝐫)

Currently implemented in ABINIT

𝑬𝒙𝒄,𝒏(𝟏)
(𝟏) = N𝒅𝐫 𝒏 𝟏 𝐫

𝝏𝒇𝒙𝒄
𝝏𝒏 (𝐫)

𝑬𝒙𝒄,𝒏(𝟏)
(𝟐) = N𝒅𝐫 𝒅𝐫’ 𝒏 𝟏 𝐫 𝒏 𝟏 𝒓’

𝝏𝟐𝒇𝒙𝒄(𝐫)
𝝏𝒏 (𝒓)𝝏𝒏 (𝐫’)

𝑬𝒙𝒄,𝒏(𝟏)
(𝟑) = N𝒅𝐫 𝒅𝒓’𝒅𝒓’’ 𝒏 𝟏 𝐫 𝒏 𝟏 𝒓’ 𝒏 𝟏 𝒓’’

𝝏𝟑𝒇𝒙𝒄(𝐫)
𝝏𝒏(𝒓)𝝏𝒏(𝐫’)𝝏𝒏(𝒓’’)
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However, from Eq.1.6, one gets:

Z
dr

rn
(2)(r).rn(r)

|rn(r)|
@fxc

@|rn| (r) = �
Z

drn
(2)(r)r.

✓
rn(r)

|rn(r)|
@fxc

@|rn| (r)
◆

(4.10)

and using Eq.4.7:

✓
@fxc

@n
(r)

◆(1)

= n
(1)(r)

@
2
fxc

@n@n
(r) +

rn
(1)(r).rn(r)

|rn(r)|
@
2
fxc

@n@|rn| (r) (4.11)

✓
@fxc

@|rn| (r)
◆(1)

= n
(1)(r)

@
2
fxc

@n@|rn| (r) +
rn

(1)(r).rn(r)

|rn(r)|
@fxc

@|rn|@|rn| (r) (4.12)

Noting that:

✓
1

|rn(r)|

◆(1)

= �rn
(1)(r).rn(r)

|rn(r)|3 (4.13)

one gets:

✓
r1n(r)

|rn(r)|

◆(1)

=
r1n

(1)(r)

|rn(r)| � r1n(r)

|rn(r)|2
r2n

(1)(r).r2n(r)

|rn(r)| (4.14)

Using Eq.4.10, Eq.4.11, Eq.4.12 and Eq.4.14, Eq.4.9 becomes:

E
(2)
xc =

Z
drn

(2)(r)Vxc(r) + E
(2)
xc,n(1) (4.15)

where E
(2)
xc,n(1) is:

E
(2)
xc,n(1) =

Z
drn

(1)(r)n(1)(r)
@
2
fxc

@n@n
(r) + 2

Z
drn

(1)(r)
rn

(1)(r).rn(r)

|rn(r)|
@
2
fxc

@n@|rn| (r)

+

Z
dr

r1n
(1)(r).r1n(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|

✓
@
2
fxc

@|rn|@|rn| (r)�
1

|rn(r)|
@fxc

@|rn| (r)
◆

+

Z
drrn

(1)(r).rn
(1)(r)

1

|rn(r)|
@fxc

@|rn| (r) (4.16)

To use Eq.1.6 to get (Vxc(r))
(1).

4.2.1 Implementation in ABINIT

In Abinit, (Vxc(r))
(1) is computed as:

(Vxc(r))
(1) = n

(1)(r)Kxc(r, 1) +rn
(1)(r).rn(r)Kxc(r, 3)

�r.

⇣
rn(r)

⇣
n
(1)(r)Kxc(r, 3) +rn

(1)(r).rn(r)Kxc(r, 4)
⌘
+rn

(1)(r)Kxc(r, 2)
⌘

(4.17)

9

2.2.3 Gradient formulation

First we note:

E
(1)
xc =

Z
dr

0
n
(1)(r0)Vxc(r

0) =

Z
dr

0
n
(1)(r0)

Z
dr

 
�(r� r

0)
@fxc

@n
(r) +

X

G

e
iG(r�r0)

i
G.rn(r)

|rn(r)|
@fxc

@|rn| (r)
!

(2.10)

so using Eq.1.4 in Eq.2.10:

E
(1)
xc =

Z
drn

(1)(r)
@fxc

@n
(r) +

Z
dr

rn
(1)(r).rn(r)

|rn(r)|
@fxc

@|rn| (r) (2.11)

which can be obtained more straightforwardly treating n(r) and |rn(r)| as independant variables and noting that:

(|rn(r)|)(1) =
⇣
(rn(r).rn(r))

1
2

⌘(1)
=

rn(r).(rn)(1)(r)

|rn(r)| (2.12)

where (rn)(1)(r) = rn
(1)(r).

2.2.4 Remark

We note that:

r.

✓
rn(r)

|rn(r)|
@fxc

@|rn| (r)
◆

= r.

✓
rn(r)

|rn(r)|

◆
@fxc

@|rn| (r) +
rn(r)

|rn(r)| .r
@fxc

@|rn| (r) (2.13)

and (using r.rf(r) = �f(r)):

r.

✓
rn(r)

|rn(r)|

◆
=

�n(r)

|rn(r)| �rn(r).
r|rn(r)|
|rn(r)|2 =

�n(r)

|rn(r)| �rn(r).
r|rn(r)|
|rn(r)|2 (2.14)

However (using r(g1.g2) = (g1.r) (g2) + (g2.r) (g1) + g1 ⇥ (r⇥ g2) + g2 ⇥ (r⇥ g1) 1):

r|rn(r)| = r (rn(r).rn(r))
1
2 =

r (rn(r).rn(r))

2|rn(r)| =
1

|rn(r)| ((rn(r).r) (rn(r)) +rn(r)⇥ (r⇥rn(r)))

=
(rn(r).r) (rn(r))

|rn(r)| (2.15)

as r⇥rn(r) = 0. Eq.2.14 is then:

r.

✓
rn(r)

|rn(r)|

◆
=

�n(r)

|rn(r)| �rn(r).
(rn(r).r) (rn(r))

|rn(r)|3 (2.16)

so Eq.2.13 (and so 2.9) cannot be simplified...

1We note that: (g1.r) (g2) =
P

ij gi
@gj
@xi

ej , so (rn(r).r) (rn(r)) =
P

ij
@n
@xi

(r) @2n
@xi@xj

(r)ej

5

§ GGA functional 𝜀!"=L< 𝑛 𝐫 , ∇𝑛(𝐫)
𝑉!" 𝐫 =

𝜕𝑓!"
𝜕𝑛 − ∇ W

𝜕𝑓!"
𝜕 ∇𝑛

∇𝑛
∇𝑛

Currently implemented in ABINIT
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Summing the seven contributions, one finally gets:

E
(3)
xc,n(1) =

Z
drn

(1)(r)n(1)(r)n(1)(r)
@
3
fxc

@n@n@n
(r)

+ 3

Z
drn

(1)(r)n(1)(r)
rn

(1)(r).rn(r)

|rn(r)|
@
3
fxc

@n@n@|rn| (r)

+ 3

Z
drn

(1)(r)
r1n

(1)(r).r1n(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|

✓
@
3
fxc

@n@|rn|@|rn| (r)�
1

|rn(r)|
@
2
fxc

@n@|rn| (r)
◆

+

Z
dr

r1n
(1)(r).r1n(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|
r3n

(1)(r).r3n(r)

|rn(r)|

⇥
✓

@
3
fxc

@|rn|@|rn|@|rn| (r)�
3

|rn(r)|

✓
@
2
fxc

@|rn|@|rn| (r)�
1

|rn(r)|
@fxc

@|rn| (r)
◆◆

+ 3

Z
drn

(1)(r)
rn

(1)(r).rn
(1)(r)

|rn(r)|
@
2
fxc

@n@|rn| (r)

+ 3

Z
dr

r1n
(1)(r).r1n

(1)(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|

✓
@
2
fxc

@|rn|@|rn| (r)�
1

|rn(r)|
@fxc

@|rn| (r)
◆

(6.23)

6.2.1 Implementation in ABINIT

In Abinit, Eq.6.23 is computed as:

E
(3)
xc,n(1) =

Z
drn

(1)(r)n(1)(r)n(1)(r)K3xc(r, 1)

+ 3

Z
drn

(1)(r)n(1)(r)
⇣
rn

(1)(r).rn(r)
⌘
K3xc(r, 2)

+ 3

Z
drn

(1)(r)
⇣
rn

(1)(r).rn(r)
⌘⇣

rn
(1)(r).rn(r)

⌘✓
K3xc(r, 3)�

1

|rn(r)|2Kxc(r, 3)

◆

+

Z
dr

⇣
rn

(1)(r).rn(r)
⌘⇣

rn
(1)(r).rn(r)

⌘⇣
rn

(1)(r).rn(r)
⌘✓

K3xc(r, 4)�
3

|rn(r)|2Kxc(r, 4)

◆

+ 3

Z
drn

(1)(r)
⇣
rn

(1)(r).rn
(1)(r)

⌘
Kxc(r, 3)

+ 3

Z
dr

⇣
rn

(1)(r).rn
(1)(r)

⌘⇣
rn

(1)(r).rn(r)
⌘
Kxc(r, 4) (6.24)
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Summing the seven contributions, one finally gets:

E
(3)
xc,n(1) =

Z
drn

(1)(r)n(1)(r)n(1)(r)
@
3
fxc

@n@n@n
(r)

+ 3

Z
drn

(1)(r)n(1)(r)
rn

(1)(r).rn(r)

|rn(r)|
@
3
fxc

@n@n@|rn| (r)

+ 3

Z
drn

(1)(r)
r1n

(1)(r).r1n(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|

✓
@
3
fxc

@n@|rn|@|rn| (r)�
1

|rn(r)|
@
2
fxc

@n@|rn| (r)
◆

+

Z
dr

r1n
(1)(r).r1n(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|
r3n

(1)(r).r3n(r)

|rn(r)|

⇥
✓

@
3
fxc

@|rn|@|rn|@|rn| (r)�
3

|rn(r)|

✓
@
2
fxc

@|rn|@|rn| (r)�
1

|rn(r)|
@fxc

@|rn| (r)
◆◆

+ 3

Z
drn

(1)(r)
rn

(1)(r).rn
(1)(r)

|rn(r)|
@
2
fxc

@n@|rn| (r)

+ 3

Z
dr

r1n
(1)(r).r1n

(1)(r)

|rn(r)|
r2n

(1)(r).r2n(r)

|rn(r)|

✓
@
2
fxc

@|rn|@|rn| (r)�
1

|rn(r)|
@fxc

@|rn| (r)
◆

(6.23)

6.2.1 Implementation in ABINIT

In Abinit, Eq.6.23 is computed as:

E
(3)
xc,n(1) =

Z
drn

(1)(r)n(1)(r)n(1)(r)K3xc(r, 1)

+ 3

Z
drn

(1)(r)n(1)(r)
⇣
rn

(1)(r).rn(r)
⌘
K3xc(r, 2)

+ 3

Z
drn

(1)(r)
⇣
rn

(1)(r).rn(r)
⌘⇣

rn
(1)(r).rn(r)

⌘✓
K3xc(r, 3)�

1

|rn(r)|2Kxc(r, 3)

◆

+

Z
dr

⇣
rn

(1)(r).rn(r)
⌘⇣

rn
(1)(r).rn(r)

⌘⇣
rn

(1)(r).rn(r)
⌘✓

K3xc(r, 4)�
3

|rn(r)|2Kxc(r, 4)

◆

+ 3

Z
drn

(1)(r)
⇣
rn

(1)(r).rn
(1)(r)

⌘
Kxc(r, 3)

+ 3

Z
dr

⇣
rn

(1)(r).rn
(1)(r)

⌘⇣
rn

(1)(r).rn(r)
⌘
Kxc(r, 4) (6.24)

19

where:

K3xc(r, 1) =
@
3
fxc

@n@n@n
(r) (6.25)

K3xc(r, 2) =
1

|rn(r)|
@
3
fxc

@n@n@|rn| (r) (6.26)

K3xc(r, 3) =
1

|rn(r)|2
@
3
fxc

@n@|rn|@|rn| (r) (6.27)

K3xc(r, 4) =
1

|rn(r)|3
@
3
fxc

@|rn|@|rn|@|rn| (r) (6.28)

20

where:

Kxc(r, 1) =
@
2
fxc

@n@n
(r) (4.18)

Kxc(r, 2) =
1

|rn(r)|
@fxc

@|rn| (r) (4.19)

Kxc(r, 3) =
1

|rn(r)|
@
2
fxc

@n@|rn| (r) (4.20)

Kxc(r, 4) =
1

|rn(r)|
@

@|rn|

✓
1

|rn(r)|
@fxc

@|rn| (r)
◆

=
1

|rn(r)|2
@
2
fxc

@|rn|@|rn| (r)�
1

|rn(r)|3
@fxc

@|rn| (r) (4.21)

Kxc(r, 5 : 7) = rn(r) (4.22)

10
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7.2.1 Implementation in ABINIT

In Abinit, Eq.7.25 is computed as:

E
(3)
xc,n(1) =

Z
drn

(1)
" (r)n(1)

" (r)n(1)
" (r)K3xc(r, 1) + 3

Z
drn

(1)
" (r)n(1)

" (r)n(1)
# (r)K3xc(r, 2)

+ 3

Z
drn

(1)
" (r)n(1)

# (r)n(1)
" (r)K3xc(r, 3) +

Z
drn

(1)
# (r)n(1)

# (r)n(1)
# (r)K3xc(r, 4)

+ 3

Z
drn

(1)
" (r)

⇣
n
(1)
" (r)rn

(1)
" (r).rn"(r)K3xc(r, 5) + n

(1)
" (r)rn

(1)(r).rn(r)K3xc(r, 7) + n
(1)
# (r)rn

(1)(r).rn(r)K3xc(r, 8)
⌘

+ 3

Z
drn

(1)
# (r)

⇣
n
(1)
# (r)rn

(1)
# (r).rn#(r)K3xc(r, 6) + n

(1)
" (r)rn

(1)(r).rn(r)K3xc(r, 8) + n
(1)
# (r)rn

(1)(r).rn(r)K3xc(r, 9)
⌘

+ 3

Z
drn

(1)
" (r)rn

(1)
" (r).rn"(r)rn

(1)
" (r).rn"(r)

✓
K3xc(r, 10)�

1

|rn"(r)|2
Kxc(r, 6)

◆

+ 3

Z
drn

(1)
# (r)rn

(1)
# (r).rn#(r)rn

(1)
# (r).rn#(r)

✓
K3xc(r, 11)�

1

|rn#(r)|2
Kxc(r, 7)

◆

+ 3

Z
drn

(1)
" (r)rn

(1)(r).rn(r)rn
(1)(r).rn(r)

✓
K3xc(r, 12)�

1

|rn(r)|2Kxc(r, 11)

◆

+ 3

Z
drn

(1)
# (r)rn

(1)(r).rn(r)rn
(1)(r).rn(r)

✓
K3xc(r, 13)�

1

|rn(r)|2Kxc(r, 12)

◆

+

Z
drrn

(1)
" (r).rn"(r)rn

(1)
" (r).rn"(r)rn

(1)
" (r).rn"(r)

✓
K3xc(r, 14)�

3

|rn"(r)|2
Kxc(r, 8)

◆

+

Z
drrn

(1)
# (r).rn#(r)rn

(1)
# (r).rn#(r)rn

(1)
# (r).rn#(r)

✓
K3xc(r, 15)�

3

|rn#(r)|2
Kxc(r, 9)

◆

+

Z
drrn

(1)(r).rn(r)rn
(1)(r).rn(r)rn

(1)(r).rn(r)

✓
K3xc(r, 16)�

3

|rn(r)|2Kxc(r, 13)

◆

+ 3

Z
drn

(1)
" (r)rn

(1)
" (r).rn

(1)
" (r)Kxc(r, 6) + 3

Z
drn

(1)
" (r)rn

(1)(r).rn
(1)(r)Kxc(r, 11)

+ 3

Z
drn

(1)
# (r)rn

(1)
# (r).rn

(1)
# (r)Kxc(r, 7) + 3

Z
drn

(1)
# (r)rn

(1)(r).rn
(1)(r)Kxc(r, 12)

+ 3

Z
drrn

(1)
" (r).rn

(1)
" (r)rn

(1)
" (r).rn"(r)Kxc(r, 8)

+ 3

Z
drrn

(1)
# (r).rn

(1)
# (r)rn

(1)
# (r).rn#(r)Kxc(r, 9)

+ 3

Z
drrn

(1)(r).rn
(1)(r)rn

(1)(r).rn(r)Kxc(r, 13) (7.26)
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where:

K3xc(r, 1) =
@
3
fxc

@n"@n"@n"
(r) (7.27)

K3xc(r, 2) =
@
3
fxc

@n"@n"@n#
(r) (7.28)

K3xc(r, 3) =
@
3
fxc

@n"@n#@n#
(r) (7.29)

K3xc(r, 4) =
@
3
fxc

@n#@n#@n#
(r) (7.30)

K3xc(r, 5) =
1

|rn"(r)|
@
3
fx

@n"@n"@|rn"|
(r) (7.31)

K3xc(r, 6) =
1

|rn#(r)|
@
3
fx

@n#@n#@|rn#|
(r) (7.32)

K3xc(r, 7) =
1

|rn(r)|
@
3
fc

@n"@n"@|rn| (r) (7.33)

K3xc(r, 8) =
1

|rn(r)|
@
3
fc

@n"@n#@|rn| (r) (7.34)

K3xc(r, 9) =
1

|rn(r)|
@
3
fc

@n#@n#@|rn| (r) (7.35)

K3xc(r, 10) =
1

|rn"(r)|2
@
3
fx

@n"@|rn"|@|rn"|
(r) (7.36)

K3xc(r, 11) =
1

|rn#(r)|2
@
3
fx

@n#@|rn#|@|rn#|
(r) (7.37)

K3xc(r, 12) =
1

|rn(r)|2
@
3
fc

@n"@|rn|@|rn| (r) (7.38)

K3xc(r, 13) =
1

|rn(r)|2
@
3
fc

@n#@|rn|@|rn| (r) (7.39)

K3xc(r, 14) =
1

|rn"(r)|3
@
3
fx

@|rn"|@|rn"|@|rn"|
(r) (7.40)

K3xc(r, 15) =
1

|rn#(r)|3
@
3
fx

@|rn#|@|rn#|@|rn#|
(r) (7.41)

K3xc(r, 16) =
1

|rn(r)|3
@
3
fc

@|rn|@|rn|@|rn| (r) (7.42)

29

and:

�
V

#
xc(r)

�(1)
= n

(1)
# (r)Kxc(r, 3) + n

(1)
" (r)Kxc(r, 2) +rn

(1)
# (r).rn#(r)Kxc(r, 7) +rn

(1)(r).rn(r)Kxc(r, 12)

�r.

⇣
rn#(r)

⇣
n
(1)
# (r)Kxc(r, 7) +

⇣
rn

(1)
# (r).rn#(r)

⌘
Kxc(r, 9)

⌘⌘

�r.

⇣
rn(r)

⇣
n
(1)
" (r)Kxc(r, 11) + n

(1)
# (r)Kxc(r, 12) +

⇣
rn

(1)(r).rn(r)
⌘
Kxc(r, 13)

⌘⌘

�r.

⇣
rn

(1)
# (r)Kxc(r, 5) +rn

(1)(r)Kxc(r, 10)
⌘

(5.21)

where:

Kxc(r, 1) =
@
2
fxc

@n"@n"
(r) (5.22)

Kxc(r, 2) =
@
2
fxc

@n"@n#
(r) (5.23)

Kxc(r, 3) =
@
2
fxc

@n#@n#
(r) (5.24)

Kxc(r, 4) =
1

|rn"(r)|
@fx

@|rn"|
(r) (5.25)

Kxc(r, 5) =
1

|rn#(r)|
@fx

@|rn#|
(r) (5.26)

Kxc(r, 6) =
1

|rn"(r)|
@
2
fx

@n"@|rn"|
(r) (5.27)

Kxc(r, 7) =
1

|rn#(r)|
@
2
fx

@n#@|rn#|
(r) (5.28)

Kxc(r, 8) =
1

|rn"|2

✓
@
2
fx

@|rn"|@|rn"|
(r)� 1

|rn"(r)|
@fx

@|rn"|
(r)

◆
(5.29)

Kxc(r, 9) =
1

|rn#|2

✓
@
2
fx

@|rn#|@|rn#|
(r)� 1

|rn#(r)|
@fx

@|rn#|
(r)

◆
(5.30)

Kxc(r, 10) =
1

|rn(r)|
@fc

@|rn| (r) (5.31)

Kxc(r, 11) =
1

|rn(r)|
@
2
fc

@n"@|rn| (r) (5.32)

Kxc(r, 12) =
1

|rn(r)|
@
2
fc

@n#@|rn| (r) (5.33)

Kxc(r, 13) =
1

|rn|2

✓
@
2
fc

@|rn|@|rn| (r)�
1

|rn(r)|
@fx

@|rn| (r)
◆

(5.34)
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Need to convert libXC objects into ABINIT ones…

Än"

Än
=
Än#

Än
= 1,

Än

Än"
=

Än

Än#
= 1 (16)

Ä�1
Ä~rn"

= 2~rn", Ä�1
Ä|~rn"|

= 2|~rn"| (17)

Ä�3
Ä~rn#

= 2~rn#, Ä�3
Ä|~rn#|

= 2|~rn#| (18)

Ä�2
Ä~rn"

= ~rn#, Ä�2
Ä~rn#

= Ä~rn" (19)

Ä�
~Ärn

= 2~rn, Ä�

Ä|~rn|
= 2|~rn| (20)

8u, Äu
Än

=
Äu

Än"
Än"

Än
+

Äu

Än#
Än#

Än
=

Äu

Än"
+

Äu

Än#
(21)

8u, Äu
~Ärn

=
Äu

Ä~rn"
«
Ä~rn"
~Ärn

» +
Äu

Ä~rn#
«
Ä~rn#
~Ärn

» =
Äu

Ä~rn"
+

Äu

Ä~rn#
(22)

Äfx
Ä�2

= 0, because there is no "# interaction in fx (23)

Äf c
Ä�

=
Äf c
Ä�1

=
Äf c
Ä�3

=
1
2
Äf c
Ä�2

, because f c depends only on � (24)

3 From libXC to vxc - First order

Unpolarized

Äfxc
Än

=
1
2

0
BBBBBB@
Äfxc
Än"
=

+
Äfxc
Än#
=

1
CCCCCCA =

Äfxc
Än"

=
Äfxc
Än#

(25)

vxc(1) =
Äfx
Än

+
Äf c
Än

= vrhoX(1) + vrhoC(1) (26)

1

|~rn|
Äfx
Ä|~rn|

=
1

|~rn|
Äfx
Ä�

Ä�

Ä|~rn|
=

1

|~rn|
Äfx
Ä�

2|~rn| = 2
Äfx
Ä�

(27)

1

|~rn"|
Äfx

Ä|~rn"|
=

1

|~rn"|
Äfx
Ä�

Ä�

Ä|~rn"|
=

1

|~rn"|
Äfx
Ä�

4|~rn"| = 4
Äfx
Ä�

(28)

1

|~rn#|
Äfx

Ä|~rn#|
=

1

|~rn#|
Äfx
Ä�

Ä�

Ä|~rn#|
=

1

|~rn#|
Äfx
Ä�

4|~rn#| = 4
Äfx
Ä�

(29)

1

|~rn|
Äf c
Ä|~rn|

=
1

|~rn|
Äf c
Ä�

Ä�

Ä|~rn|
=

1

|~rn|
Äf c
Ä�

2|~rn| = 2
Äf c
Ä�

(30)

3

1

|~rn"|
Ä

Ä|~rn"|

 
1

|~rn"|
Ä2fx

Ä|~rn"|Än"

!
=

1

|~rn#|
Ä

Ä|~rn#|

 
1

|~rn#|
Ä2fx

Ä|~rn#|Än#

!

= 16
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2fx

Ä|~rn|Än

!

= 16
1

|~rn|
Ä
Ä�

 
1

|~rn|
Ä2fx
ÄnÄ�

Ä�

Ä|~rn|

!
Ä�

Ä|~rn|
with

Ä�

Ä|~rn|
= 2|~rn|

= 32
Ä
Ä�

 
2
Ä2fx
ÄnÄ�

!
= 64

Ä2fx
ÄnÄ�2 (124)

1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än

!
=

1

|~rn|
Ä

Ä|~rn|

0
BBBBBBBB@

1

|~rn|
1
2

0
BBBBBBBB@

Ä2f c
Ä|~rn|Än"

=

+
Ä2f c

Ä|~rn|Än#
=

1
CCCCCCCCA

1
CCCCCCCCA

=
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än"

!

=
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än#

!
(125)

1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än"

!
=

1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än#

!

=
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än

!

=
1

|~rn|
Ä
Ä�

 
1

|~rn|
Ä2f c
ÄnÄ�

Ä�

Ä|~rn|

!
Ä�

Ä|~rn|

=
1

|~rn|
Ä
Ä�

 
1

|~rn|
Ä2f c
ÄnÄ�

2|~rn|
!
2|~rn| = 4

Ä3f c
ÄnÄ�2 (126)

d2vxc(5) =
1

|~rn"|
Ä

Ä|~rn"|

 
1

|~rn"|
Ä2fx

Ä|~rn"|Än"

!
= 64

Ä3fx
ÄnÄ�2 = 64 v3rhosigma2X(1) (127)

d2vxc(6) =
1

|~rn#|
Ä

Ä|~rn#|

 
1

|~rn#|
Ä2fx

Ä|~rn#|Än#

!
= 64

Ä3fx
ÄnÄ�2 = 64 v3rhosigma2X(1) (128)

d2vxc(16) =
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än"

!
= 4

Ä3f c
ÄnÄ�2 = 4 v3rhosigma2C(1) (129)

d2vxc(17) =
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än#

!
= 4

Ä3f c
ÄnÄ�2 = 4 v3rhosigma2C(1) (130)
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1

|~rn"|
Ä

Ä|~rn"|

 
1

|~rn"|
Ä2fx

Ä|~rn"|Än"

!
=

1

|~rn#|
Ä

Ä|~rn#|

 
1

|~rn#|
Ä2fx

Ä|~rn#|Än#

!

= 16
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2fx

Ä|~rn|Än

!

= 16
1

|~rn|
Ä
Ä�

 
1

|~rn|
Ä2fx
ÄnÄ�

Ä�

Ä|~rn|

!
Ä�

Ä|~rn|
with

Ä�

Ä|~rn|
= 2|~rn|

= 32
Ä
Ä�

 
2
Ä2fx
ÄnÄ�

!
= 64

Ä2fx
ÄnÄ�2 (124)

1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än

!
=

1

|~rn|
Ä

Ä|~rn|

0
BBBBBBBB@

1

|~rn|
1
2

0
BBBBBBBB@

Ä2f c
Ä|~rn|Än"

=

+
Ä2f c

Ä|~rn|Än#
=

1
CCCCCCCCA

1
CCCCCCCCA

=
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än"

!

=
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än#

!
(125)

1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än"

!
=

1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än#

!

=
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än

!

=
1

|~rn|
Ä
Ä�

 
1

|~rn|
Ä2f c
ÄnÄ�

Ä�

Ä|~rn|

!
Ä�

Ä|~rn|

=
1

|~rn|
Ä
Ä�

 
1

|~rn|
Ä2f c
ÄnÄ�

2|~rn|
!
2|~rn| = 4

Ä3f c
ÄnÄ�2 (126)

d2vxc(5) =
1

|~rn"|
Ä

Ä|~rn"|

 
1

|~rn"|
Ä2fx

Ä|~rn"|Än"

!
= 64

Ä3fx
ÄnÄ�2 = 64 v3rhosigma2X(1) (127)

d2vxc(6) =
1

|~rn#|
Ä

Ä|~rn#|

 
1

|~rn#|
Ä2fx

Ä|~rn#|Än#

!
= 64

Ä3fx
ÄnÄ�2 = 64 v3rhosigma2X(1) (128)

d2vxc(16) =
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än"

!
= 4

Ä3f c
ÄnÄ�2 = 4 v3rhosigma2C(1) (129)

d2vxc(17) =
1

|~rn|
Ä

Ä|~rn|

 
1

|~rn|
Ä2f c

Ä|~rn|Än#

!
= 4

Ä3f c
ÄnÄ�2 = 4 v3rhosigma2C(1) (130)
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1.0 Motivation

In 2nd order DFPT we need to compute :

E(2)

xc,n(1)
=

Z
drn(1)(r)(Vxc(r))

(1) =

Z
drn(1)(r)

Z
dr0n(1)(r0)

�2Exc

�n(r)�n(r0)

In 3rd order DFPT :
E(3)

xc,n(1)
=

Z
drn(1)(r)

Z
dr0n(1)(r0)

Z
dr00n(1)(r00)

�3Exc

�n(r)�n(r0)�n(r00)

Number of terms to implement :
functional LDA LDA GGA GGA

polarization unpola. pola. unpola. pola.
(Vxc(r))

(1) 1 2⇥2 5 2⇥11
E(3)

xc,n(1)
1 8 6 24

and we need these terms in different contexts :
• with real or complex densities
• with or without core correction
• with or without compensating charge (PAW)
• on FFT grids or PAW spheres (for the latter : 3 different implementations !)

Problem with the usual finite difference tests :
• test only the total energy : hard to test individual terms...
• not so cheap in some situations
• precision is not high in PAW, and many terms could be small...

) Need of a very quick and precise test for the validation of E(3)

xc,n(1)
in GGA

) This is also needed for (Vxc(r))
(1) in the magnetic case or meta-GGA.

M. TORRENT, L. Baguet 12 mai 2021
2/5

1.0 Motivation

In 2nd order DFPT we need to compute :

E(2)

xc,n(1)
=

Z
drn(1)(r)(Vxc(r))

(1) =

Z
drn(1)(r)

Z
dr0n(1)(r0)

�2Exc

�n(r)�n(r0)

In 3rd order DFPT :
E(3)

xc,n(1)
=

Z
drn(1)(r)

Z
dr0n(1)(r0)

Z
dr00n(1)(r00)

�3Exc

�n(r)�n(r0)�n(r00)

Number of terms to implement :
functional LDA LDA GGA GGA

polarization unpola. pola. unpola. pola.
(Vxc(r))

(1) 1 2⇥2 5 2⇥11
E(3)

xc,n(1)
1 8 6 24

and we need these terms in different contexts :
• with real or complex densities
• with or without core correction
• with or without compensating charge (PAW)
• on FFT grids or PAW spheres (for the latter : 3 different implementations !)

Problem with the usual finite difference tests :
• test only the total energy : hard to test individual terms...
• not so cheap in some situations
• precision is not high in PAW, and many terms could be small...

) Need of a very quick and precise test for the validation of E(3)

xc,n(1)
in GGA

) This is also needed for (Vxc(r))
(1) in the magnetic case or meta-GGA.

M. TORRENT, L. Baguet 12 mai 2021
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𝐸#$,1($)
(2) = #𝑑𝐫 𝑑𝐫’𝑑𝐫’’ 𝑛 3 𝐫 𝑛 3 𝐫’ 𝑛 3 𝐫’’

𝛿2𝑓#$(𝐫)
𝛿𝑛(𝐫)𝛿𝑛(𝐫’)𝛿𝑛(𝐫’’)
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1.0 Solution

We note that (Vxc(r))
(1) or E(3)

xc,n(1)
depend only on the densities and their derivatives,

regardless of the considered perturbation. Here : no crystal, no wavefunction, no occupation.
We define a fictive density (here a distorded gaussian) depending on fictive parameters :

n(r) = Ae�B(r�R)T M(r�R) = Ae�B
P

↵�(r↵�R↵)M↵�(r��R�)

For PAW spheres we define (strange shape but we don’t care) :

n(r) =
X

LM

nLM (r)SLM (r̂) nLM (r) =
Ae�Br

p
4⇡C

L + 1 + M

2L + 2

Then n(A), n(R↵),n(B),n(C),n(AB),n(ABC),. . . are known analytically, rn and its derivatives
too. If necessary, we also define a fictive compensating charge or a fictive core density, with
different parameters. If polarized : we define n"(r),n#(r), etc...
We also define perturbed densities :

n±�R↵ (r) = Ae�B
P

�� (r��(R�±�↵��R↵))M�� (r��(R�±�↵��R↵))

Then we can compute the first derivative of the XC energy analytically or by finite difference :

E(R↵)
xc =

Z
drn(R↵)(r)Vxc(r) E(�R↵)

xc =
Exc[n+�R↵ ] � Exc[n��R↵ ]

2R↵

Comparing E(R↵)
xc and E(�R↵)

xc one tests the consitency between the energy Exc and the
potential Vxc (computed in “rhotoxc” for FFT grid). At second order, one can test the consitency
between (Vxc(r))

(1) (“dfpt mkvxc”) and Vxc(r). At third order, one can test the consistency of
E(3)

xc,n(1)
(“dfptnl exc3”) with lower order terms. Same for PAW routines on PAW spheres.
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1.0 In practice

Use of abinit : the structure and the pseudo are read, as usual. Work done in “nonlinear” driver if
“useria” is initialized accordingly. Implementation done in “m dfpt test.F90” file.
Remember : no wavefunction ! (not even allocated) Takes less than 3 seconds on a laptop, 1 CPU.

Input : Output :

A set of 18 tests is added to the testsuite (“dfpt test”) : different functionals, polarization, etc...
The 18 tests are done in 35 seconds on a laptop (1 CPU), for a relative error of 10�7 or lower on
energies (10�4 on potentials).
) Can be easily extended to magnetic case (nspden=4) or metaGGA functionals (local part only).

M. TORRENT, L. Baguet 12 mai 2021
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Current status

§ metaGGA + PAW in the next ABINIT version

§ Including stress tensor (was not available in NCPP)

§ Link with libXC 5.1 in the next version

§ A set of automatic tests for XC derivatives

Upcoming plans

§ metaGGGA + 2nd order DFPT

Next to come

§ Raman intensities + GGA

§ Need to finish the implementation and check
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META-GGA FUNCTIONALS – KINETIC ENERGY DENSITY

§ Every function which integrates as EKIN is a kinetic energy density
Choose which one?

See: Sim, Larkin, Burke, Bock, J. Chem. Phys. 118, 8140 (2003)
Becke, J. Chem. Phys. 131, 244118 (2009) 

𝜏+ 𝐫 = −
1
2-

(

𝜓(∗(𝐫) ∇#𝜓((𝐫)

𝜏# 𝐫 = +
1
2-

(

∇𝜓((𝐫)
#

:∇4𝑛 𝐫 𝑑𝐫 = 0

𝜏3 𝐫 = 𝜏4 𝐫 −
1
4∇

4𝑛 𝐫

§ Within (scalar-)relativistic scheme, what is the definition of 𝜏 𝐫 ?

𝜏UV? 𝐫 =-
(

𝜀( − 𝑉!"(𝐫) − 𝑉W(𝐫) − 𝑉V!X(𝐫) 𝜓((𝐫) #

From kinetic
operator

Like 𝜏3

Like 𝜏4

Commonly
Used

𝜏UV? 𝐫 ≃ 𝑐# 𝑛 𝐫 1 +
2𝜏(𝐫)
𝑐# 𝑛 𝐫

+
#
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META-GGA FUNCTIONALS – TESTING PROCEDURE

Use a modified value for the electron mass:
𝑚V = b𝑚V instead of 𝑚V = 1 (a.u.)

𝜕𝑓!"+,,-

𝜕𝑛 𝐫 = 𝑉!"12- 𝐫

𝐸$%&'() (+,,-) =
1
7𝑚0
𝐸$%& + 𝐸!"12- +: 1 −

1
7𝑚0

𝜏 𝐫 𝑑𝐫 = 𝐸$%&'() (12-)

𝜀!"+,,- 𝐫 = 𝜀!"12- 𝐫 + 1 −
1
7𝑚0

𝜏(𝐫)
𝑛(𝐫)

𝜕𝑓!"+,,-

𝜕𝜏 𝐫 = 1 −
1
7𝑚0

Testing the kinetic energy density functional against LDA

27
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META-GGA FUNCTIONALS – TESTING PROCEDURE

𝐸!"+,,-3 = 𝐸!"12- + 𝛼:𝑛 𝐫 ∇4𝑛(𝐫)𝑑𝐫 = 𝐸!"12- − 𝛼: ∇𝑛 𝐫
4
𝑑𝐫 = 𝐸!",,-= 𝐸!"+,,-4

Use 1 or 2 
electronic 
bands

𝜀!"+,,-3 𝐫 = 𝜀!"12- 𝐫 + 𝛼 ∇4𝑛(𝐫) 56%&'(()$

51
𝐫 = 𝑉#$789 𝐫 +𝛼 ∇4𝑛(𝐫)

𝜕𝑓#$:;;94

𝜕 ∇4𝑛
𝐫 = 𝛼 𝑛 𝐫𝜀!"+,,-4 𝐫 = 𝜀!"12- 𝐫 + 2𝛼 𝜏(𝐫)

Testing MGGA(Laplacian) against MGGA(KED) against GGA

56%&'(()*

51
𝐫 = 𝑉#$789 𝐫 +2𝛼 𝜏(𝐫)

𝜕𝑓#$:;;94

𝜕𝜏(𝐫) 𝐫 = 2𝛼 𝑛 𝐫

𝜀!",,- 𝐫 = 𝜀!"12- 𝐫 − 𝛼
∇𝑛 𝐫

4

𝑛(𝐫)

𝜕𝑓#$;;9

𝜕𝑛 𝐫 = 𝑉#$789 𝐫

𝜕𝑓#$;;9

𝜕 ∇𝑛 𝐫
𝐫 = −2𝛼 ∇𝑛 𝐫

Can mix all 
approaches

Integration 
by parts


